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Abstract. Let C be the open upper light cone in Mi+" with respect to the 
Lorentz product. The connected Hnear Lorentz group S0r(1, n)° acts on C 
and therefore diagonally on the A^-fold product where T = +iC C 
(j^i+n prove that the extended future tube SOc(l, n) ■ is a domain of 
holomorphy. 
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For IK £ {R, C} let IK^+" denote the (1 + n)-dimensional Minkowski space, i.e., on IK^+" 
we have given the bilinear form 

{x,y) x»y := xoyo - xiyi XnVn 

where Xj respectively yj are the components of x respectively y in K^+". The group 
Ok(1, n) — {g € G1k(1 + n); gx • gy ~ x • y for all x, j/ G K^+"} is called the linear 
Lorentz group. For n > 2 the group Or ( 1 , n) has four connected components and Oc ( 1 , J^) 
has two connected components. The connected component of the identity Ok(1, nf' of 
Ok(1, n) will be called the connected linear Lorentz group. Note that S0r(1, n) = G 
Or(1, n); det(5) = 1} has two connected components and 0^{\,nf — SOR(l,n)°. In 
the complex case we have SOc(l, n) ~ Oc(l, 

The forward cone C is by definition the set C := {y e R^+"; y • y > and yo > 0} and 
the future tube T is the tube domain over C in 0^+", i.e., T = Ri+" + iC C 0^+". Note 
that — T X ■ ■ ■ X T is the tube domain in the space of complex {1 +n) x A^-matrices 
C(i+n)xjv Q^gj. c-JV = (7 X ■ • • X C C R(i+")x^. The group SOc(l,n) acts by matrix 
multiplication on c(i+")x^ and the subgroup S0r(1, n)" stabilizes . In this note we 
prove the 

Extended future tube conjecture: 

SOc(l, n) • = y g • is a domain of holomorphy. 

g e SOc(l,n) 



This conjecture arise in the theory of quantized fields for about 50 years. We refer the 
interested reader to the literature (|HW|, |J1, fSVJ, IStWI . llWl t. There is a proof of this 
conjecture in the case where n = 3 (|He2|), |Z|). The proof there uses essentially that T 
can be realized as the set {Z € C^^^; ^{Z —*Z) is positive definite}. Moreover the proof 
for n = 3 is unsatisfactory. It does not give much information about SOc(l, n) ■ except 
for holomorphic convexity. 

Here we prove that more is true. Roughly speaking, we show that the basic Geometric In- 
variant Theory results known for compact groups (see IHell ) also holds for X := and 
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the non compact group S0r(1, n)". More precisely this means SOc(l, n)-X ^ Z isa uni- 
versal complexification of the G-space X, G — S0k(1, n)^, in the sense of |Hel |. There 
exists complex analytic quotients X//G and Z//G'^, G^ = SOc(l, n), given by the alge- 
bra of invariant holomorphic functions and there is a G-invariant strictly plurisubharmonic 
function p : X ^M., which is an exhaustion on X/G. Let 

fi-.X^Q*, niz){^) = ^ ^_^{t p{expit^ ■ z)), 

be the corresponding moment map. Then the diagram 

M-i(O) ^ X ^ Z 

^-i(0)/G = X//G = Z//G^ 

where all maps are induced by inclusion is commutative, X//G, X, Z and Z/ / G^ are Stein 
spaces and p|/i^^(0) induces a strictly plurisubharmonic exhaustion on /i~^(0)/G = X//G 
= Z//G^. Moreover the same statement holds if we replace X ~ with a closed G- 
stable analytic subset A of X. 



1 Geometric Invariant Theory of Stein spaces 

Let Z he a Stein space and G a real Lie group acting as a group of holomorphic transfor- 
mations on Z. A complex space Z// G is said to be an analytic Hilbert quotient of Z by the 
given G-action if there is a G-invariant surjective holomorphic map tt : Z ^ Z//G, such 
that for every open Stein subspace Q C Z//G 

i. its inverse image tt^^{Q) is an open Stein subspace of Z and 

ii. Tr*Oz//GiQ) 0{t:-^{Q))^, where 0{Tr-\Q))^ denotes the algebra of G-in- 
variant holomorphic functions on tt^^{Q) and tt* is the pull back map. 

Now let G'^ be a linearly reductive complex Lie group. A complex space Z endowed with 
a holomorphic action of G"^ is called a holomorphic G'^-space. 

Theorem 1.1. Let Z be a holomorphic G'^-space, where G'^ is a linearly reductive complex 
Lie group. 

i. If Z is a Stein space, then the analytic Hilbert quotient Z//G'^ exists and is a Stein 
space. 

ii. If Z//G'^ exists and is a Stein space, then Z is a Stein space. 

Proof. Part i. is proven in IHell and part ii. in IBeMP I . □ 
Remark 1.1. 

/. If the analytic Hilbert quotient n : Z ^ ZjjG'^ exists, then every fiber Tr^^{q) of n 
contains a unique G'^ -orbit Eq of minimal dimension. Moreover, Eq is closed and 
'K^^{q) — {z £ Z; Eq CZ G'^.z}. Here ~ denotes the topological closure. 

ii. Let X be a subset of Z, such that G'^ ■ X := IJ^ggc g ■ X = Z and assume that 
Z //G'^ exists. Then G^ ■ X is a Stein space if and only if Z jjG'^ = 7r(X) is a Stein 
space. 
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Hi. Let be a finite dimensional complex vector space with a holomorphic linear action 
ofG^. Then the algebra C[y^]*^ of invariant polynomials is finitely generated (see 
e.g. kKrl ). 

In particular, the inclusion C[F'^]'-''^ "—^ 'C\V'^] defines an affine variety //C^ and an 
affine morphism tt'^ : — > V^'/IC^'. If we regard V^l/C^ as a complex space, then 
. yc ^ ycji Qc gjves the analytic Hilbert quotient of (see e.g. IHell V 

Remark 1.2. For a non-connected linearly reductive complex group G let denote the 
connected component of the identity and let Z be a holomorphic G-space. The analytic 
Hilbert quotient ZjjG exists if and only if the quotient ZjjG^ exists. Moreover, the quo- 
tient map ttq : Z Zjj G induces a map ttq /qo : ZjjG'^ — > ZjjG which is finite. In fact 
the diagram 

Z 

TTcO / \ TTG 

ZjjG 

commutes and t^g/g" quotient map for the induced action of the finite group G/G^ 
on Z/IG^. 

2 The geometry of the Minkowski space 

Let K denote either the field M or C and (eo, .., e„) the standard orthonormal basis for 
K^+". The space ]K^+" together with the quadratic form rj{z) = Zq — zf — ■ ■ ■ — zf^, where 
Zj are the components of z, is called the (1 + n) -dimensional linear Minkowski space. Let 
<, >L denote the symmetric non-degenerated bilinear form which corresponds to 77, i.e., 
Z9W :=< z,w >L= ^zJw where *z denotes the transpose of z and J = (gq, — ei, — e„) 
or equivalently z • w =< z, Jw > e where <, >s denotes the standard Euclidean product 
on M^+", respectively its C-linear extension to C^+". 

Let Ok(1,?^) denote the subgroup of G1k(1 + n) which leave ?/ fixed, i.e., Ok(1,«) — 
{g G G1k(1 + n);gz • gw = z • w for all z,w e ]Ki+"}. Note that S0K(1,?^) = 
{g G Ok(1, fi); det g = 1} is an open subgroup of OK(l,fi)- For K = C, SOc(l,f^) is 
connected. But in the real case S0r(1, n) consists of two connected components (n > 2). 
The connected component SOi{(l, n)° = Or(1, n)° of the identity is called the connected 
linear Lorentz group. Note that S0r(1, n)° is not an algebraic subgroup of S0r(1, n) but 
is Zariski dense in S0r(1, n). We have = K[]K1+"]SOk(i.") = K[K1+"]Ok(i.«). 

Now let C(i+")^^ = Ci+" X • • ■ X Ci+" be the TV-fold product of Ci+", i.e., the space 
of complex (1 + n) x A^- matrices. The group Oc(l, n) acts on c(i+")^^ by left multi- 
plication. A classical result in Invariant Theory says that ^[C''^"'""^^^]'^'^''^'"'' is generated 
by the polynomials pfej (21, .., z^) = 2^ • zj where 2 = (zi, .., zn) £ ^(i+n)xN ^ 

Remark 2.1. The (algebraic) Hilbert quotient C(i+"' ''^//Oc(l, n) can be identified with 
the space SymN(min{l + n, N}) of symmetric N x N -matrices of rank smaller or equal 
min{l + n, N}. 

With this identification the quotient map ttc : C(i+")^^ C(i+")''^//Oc(l, n) is given 
by TTciZ) = *ZJZ where *Z denotes the transpose of Z and J is as above. For the 
group SOc(l,f^) the situation is slightly more complicated. If TV > 1 + n additional 
invariants appear, but they are not relevant for our considerations, since the induced map 

C(i+n)xjv//g0c(l,?i) ^ C(i+")^^//Oc(l,n) is finite. 
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There is a well known characterization of closed Oc(l. n)-orbits in c(i+")x^ jn order 
to formulate this we need more notations. Let z = {zi, .., zn) € c(^+")^^ and L{z) := 

'Czl^ hC^ivbethesubspaceof C^+" spanned by zi,.., zn- The Lorentz product <, >l 

restricted to L{z) is in general degenerated. Thus let L{z)'^ = {w € L{z); < w,v >l= 
for all G L{z)}. It follows that dimL(z)/L(z)° = rank{'^zJz) =rank7rc(2). Elementary 
consideration show the following. 

Lemma 2.1. The orbit Oc{^, n) ■ z through z £ £;(i+n)x-'v is closed if and only if the orbit 
SOc(l, n) ■ z is closed and this is the case if and only ifL{z)° = {0}, i.e., dimL{z) = rank 
nciz). □ 

The light cone N := {y G M^+"; ri{y) = 0} is of codimension one and its complement 
R^+"\A^ consists of three connected components (here of course we assume n > 2). By 
the forward cone C we mean the connected component which contains cq. It is easy to see 
that C = {yG M^+"; y • eo > and r]{y) > 0} = {y G Mi+"; y • a; > for all a; G N+} 
where = {x £ N;x»eo > 0}. In particular, C is an open convex cone in R^+". 
Since J has only one positive Eigenvalue, the following version of the Cauchy-Schwarz 
inequality holds. 

Lemma 2.2. Ifr]{y) > 0, then x • y < for x := x - ^^^2/ and all x G M^+". In 
particular 

ri(x) ■ T]{y) <{x» yf 

and equality holds if and only ifx and y are linearly dependent. □ 

The elementary Lemma has several consequences which are used later on. For example, 

• ifyi,y2 G C± := CU(-C) = {y G ]Ri+";77(y) > 0},thenyi»y2 ^ 0. Moreover, 

• if yi, y2 G iV = {y G K^+"; ri{y) — 0}, and yi • y2 = 0, then yi and y2 are linearly 
dependent. 



The tube domain T = ]Ri+" + c Ci+" over C is called the future tube. Note that 
S0r(1, n)° acts on T by y • (a; + iy) = gx + igy and therefore on the A/'-fold product 
= T X ■■■ xT c C(i+")^^ by matrix multipUcation. 

Remark 2.2. It is easy to show that the S0r(1, nY -action on C and consequently also on 
is proper In particular T^/S0r(1, n)° is a Hausdorjf space. 

The complexified group SOc(l, n) does not stabilize . The domain 

SOc(l,n)-r^= U g-T^ 

seSOc(l,n) 

is called the extended future tube. 



3 Orbit connectedness of the future tube 

Let G be a Lie group acting on Z. A subset X C ^ is called orbit connected with respect 
to the G-action on Z if = {y G G; y ■ z G X} is connected for all z G X. 
In this section we prove the following 

Theorem 3.1. The N-fold product of the future tube is orbit connected with respect to 
the SOc(l, n)-action on C(i+")>^^. 
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We first reduce the proof of this Theorem for the SOc(l, n)-action to the proof of the 
related statement about the Cartan subgroups of SOc(l, n). For this we use the resuhs of 
Bremigan in [BJ. For the convenience of the reader we briefly recaU those parts, which are 
relevant for the proof of Theorem l3.ll 

Starting with a simply connected complex semisimple Lie group with a given real form 
G defined by an anti-holomorphic group involution, g i-^ g, there is a subset S of G"' such 
that GSG contains an open G x G-invariant dense subset of G'^. The set S is given as 
follows. 

Let Gar{G^) — -jH^} be a complete set of representatives of the Cartan subgroups 

of G^, which are defined over R. Associated to each H e Gar{G^) are the Weyl group 
W{H) := Na'c{H)/H, the real Weyl group W^iiH) {gH G W{H);gH = gH} and 
the totally real Weyl group yVR\{H) {gH e WR{H);g = g}. Here Ngc{H) denotes 
the normalizer of H in G"". 

For H G Car{G^) let R{H) be a complete set of representatives of the double coset space 
'Ww.{.H)\Wm.{H)/Wm{H) chosen in such a way that e = e"^ holds for aU e G Gar{G'^). 
Then S := iJHe has the claimed properties. 

Although SOc(l,«) is not simply connected, the results above remain true for G :— 
S0r(1, n)" and G"" :— SOc(l, n), as one can see by going over to the universal covering. 

Remark 3.1. Using the classification of the S0r(1, n)'^ x S0r(1, nj^-orbits in SOc(l, n) 
as presented in jjJJ, the same result can be obtained for G^ = SOc(l, n). 

Since is S0r(1, n)°-stable, S0k(1, n)" is connected and S0k(1, n)° ■ S ■ S0r(1, n)° 
is dense in SOc(l, n), Theorem B . 1 I foUows from 



Proposition 3.1. The set T,s{'w) {g E S;g ■ w G T } is connected for all w d T 

In the case n — 2m — 1 we may choose Gar(SOc(l, n)) — {Hq} where 
(fa ■ • ■ \ 

Tl ■■. ; 



Ho=< 



} and R{Ha) = {Id}. 



;aeSOc(l,l),T, eS0c(2) 

■■. ■■. 

IVO •■• r™_i/ 
In the even case n — 2m we make the choice Gar(SOc(l, n)) ~ {Hi, H2} where 

r /I ••• o\ 



Tl 

IVo ••• 



■■. 

T„iJ 



;t, eS0c(2) 



R{Hi) = {Id} and R{H2) = {Id, e} with e 



/-I \ 

1 

1 

\ Idam-s/ 



Observe that in the case H2, where e is present, S is not connected. But the "e-part" of 
S is not relevant, since any h G H2 does not change the sign of the first component of 
the imaginary part of zj G T and therefore Y,H2<i{^) is empty for all z G . Thus it is 
sufficient to prove the following 
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Proposition 3.2. For every possible H G {Hq, Hi, H2} and every w G the set 
'^h{w) — {h ^ H;h ■ w T^} is connected. 

Proof. We will carry out the proof in the case where n — 2m — 1 and H = Hq. The proof 
in the other cases is analogous. Note that H splits into its real and imaginary part, i.e., 
H — ■ Hi ^ iJR X Hj where Hg^ denotes the connected component of the identity of 
SOa(l, n)° n H = {h e H;h = h} and Hj — exp il)R. Thus the 2 x 2 blocks appearing 
for h G Hi are given by 

" I where = 1 and r, = f ."^j ^'^^] where c?-d? = l,c, > 0. 

to a J ■' \tdj Cj J 33 ^ J 

Let S*! {(x, y) G 3,2 + ^2 ^ ^^j^ _ ^^.^ y) ^ r2. 2;2 _ y2 ^ ^^^j ^ > g}, 
identify iJ/ with S'^x^x-.-xTicK^x-.-xM^^ ^2™ ^j^^j 



^ : R2™ ^ R(i+")x (!+"), V;(a, b,ci,di,..., c,„_i, d„,_i) = 



/cr ••• \ 

ri ■■. ; 

: ■■. ■■. 

VO ••■ Trn-lJ 



where a = and tj — ^ . The restriction ^jj of tjj to x H x ■■■ x H 

is a diffeomorphism onto its image Hi. 

For every Wfc G T, k = 1, . . . , iV we get the linear map ipk ■ ^ R^+", p 

Im(?/;(p) ■ Wk). Note that 

• If p = (pi, ..,Pm) e "^fe ^(C), then (pi, ..,rpj, ..,pm) e for all < r < 1 
and j — 2, .., TO. 

• Ifp = (pi, ..,pm),Pj e (^fc ^(C), then {s-pi,p2, ■■,Pm) e -^fc ^(C) for all s > 1. 
where pi = (a, b),pj ~ {cj,dj) G M^, j = 2, . . . , m. 

It remains to show that I^Hi (w) is connected for all w G . 

Lcte := ((M), (1,0),..., (1,0)) = V"'(Id) G ^-'(^^.(u;)) and p = (pi,..,p„0 := 
ip~^{h) G '0^^(E//j (w)). From the convexity of C and the linearity of ifk it follows that 
q{t) — {qi{t), .., Qmit)) — e + t{p ~ e) is contained in Hfe^i 'i'fc ^(^) ^ '= [Oj Thus 

- ( 91 (i) '?2(i) qm{t) \ 1 

for t G [0, 1]. Here || • denotes the standard Euclidean norm. Thus 7/i.(t) :— ?A(7p(i)) 
gives a curve which connects Id with h. □ 

Since S0r(1, n)'^ is a real form of SOc(l, n), orbit connectness impUes the following (see 

Bill) 

Corollary 3.1. Let Y be a complex space with a holomorphic SOc{^, n)-action. Then 
every holomorphic S0r(1, n)^ -equivariant map ; — > Y extends to a holomorphic 
SOc{i, n)-equivariant map $ : SOc(l,n) • ^ Y. □ 

In the terminology of [He 11 Corollarv 13. II means that SOc(l,f^) • is the universal 
complexification of the S0r(1, n)°-space . 
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4 The strictly plurisubharmonic exhaustion of the tube 



Let X, Q, P be topological spaces, q : X ^ Q and p : X ^ P continuous maps. A 
function f : X Ris said to be an exhaustion of X mod p along q if for every compact 
subset K of Q and r G M the set p{q^^{K) n /^^((— oo, r])) is compact. 

The characteristic function of the forward cone C is up to a constant given by the function 
p : C ^ M,p(y) — rj{y) ~ . It follows from the construction of the characteristic 
function, that logp is a S0r(1, n)''-invariant strictly convex function on C (see IFKI for 
details). In particular 

p:r^->R, {xi+iyi,..,XN+iyN) 



'7(2/1) ?/(2/Jv) 

is a S0r(1, 7i)"-invariant strictly plurisubharmonic function on . Of course this may 
also be checked by direct computation. 

Let TTc : C(i+")''^ C(i+")''^//SOc(l,n) be the analytic Hilbert quotient and ttr : 
rpN _^ T^/S0r(1, n)° the quotient by the S0k(1, n)°-action. In the following we always 
write z = X + iy, i.e., Zj = Xj + iyj where xj denote the real and yj the imaginary part of 
Zj. For example Zj • Zk = Xj • Xk - yj • yk + i{xj • yk + Xk • y^)- 

The main result of this section is the following 

Theorem 4.1. The function p : — > M, is an exhaustion ofT^ mod ttr along ttc- 
We do the case of one copy first. 

Lemma 4.1. Let Di C T and assume that 7rc(-Di) C C is bounded. Then {{x • y, 
ri{x),rj{y)) £ M^; z = x + iy G Di} is bounded. 

Proof. The condition on Di means, that there is a M > such that 

77(2;) — ?7(y)| < M and • ?/| < M 

for ?A\ z — X + iy ^ Di. Since ri{x)rj{y) < {x • y)^ and > 0, this implies that 
{{x •y, r]{x), ri{y)) £ R'^; z £ i^i} is bounded. □ 

Lemma 4.2. Let D2 C T x T be such that nc{D2) is bounded. Then {{ri{xi),ri{yi), 
■q{x2), r]{y2), xi • X2, yi • 1/2) e K^; (21, 2:2) e D2} is bounded. 

Proof. Lemma lTTI implies that there is a Mi > such that |?7(xj)| < Mi, \ri{yj)\ < Mi 
and \xj •yjl < Mi, j = 1, 2, for all (zi, 2:2) e D2. Now 77(21 + Z2) = 77(21) + 77(22) + 
2 ■ zi • 22 shows that {77(21 + 22) G M; (21, 22) G D2} is bounded. But 21 + Z2 G T, thus 
Lemma ITTI implies |77(a;i + 2:2)1 < M2 and \ri{yi + 2/2)! < -^^2 for some M2 > and all 
(zi, Z2) e D2. This gives 

3 3 
\xi • X2\ < -max {Mi,M2} and |?/i • y2| < 2 m^'^ i^^i' ^2}- 

□ 

Remark 4.1. Based on the following we only need, that the set {(?7(yi), ?y(j/2), Vi • 1/2) G 
M'^; (21, Z2) G 132} bounded. We apply this to points yj + iyi where T^ciVj + *2/i) = 

Remark 4.2. For every subset X of T, we have 

X C S0r(1, nf ■ {X n (Ri+" + i(R>° • eo))), 
where ■ eo = {teo; t > Q} C Mi+". 
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Lemma 4.3. For every compact sets B C C and K C C the set 

M{B,K) {x e R^+";7rc(x + iy) G K for some y <E B} 

is compact. 

Proof. Since B and K are compact, M{B, K) is closed. We have to show that it is bounded. 
First note that Bi C B2 impHes M{Bi, K) C A/(i?2, K). Using the properness of the 
S0r(1, ri)°-action on C, we see, that there is an interval / = {t • eo; a < t < 6}, a > in 
R • eo and a compact subset N in S0r(1, n)^, such that N ■ I :— UgGAf 9 ' ^ ^ B. Thus 
M{B, K) C ■I,K)=N- Mil, K) := U<,e^ 9 ■ M{I, K). 

/a 

It remains to show that M{I . K) is bounded. For x G M (/, if), x — 



there exists 



a Ml > such that \x • (yo • eo)| = |a;o • yo\ < Mi for all yo • eo e /. Since a < yo < b 
and a > 0, this implies |xq| < < There also exists a A/2 > such that 

\ri{x)\ = |xq - - • • • a;^| < M2, so we get + • • • < + A/2- □ 

Corollary 4.1. For every r > the set M{B, K)r\{y ^ R^+"; r < rj{y)} is compact. □ 



Proof of Theorem \4.1\ Using Remark l4r2l it is sufficient to prove that the set 

S {tic\K) r\{p< r}) n ((Ri+" + z(R>° • eo)) x T^-^) 

is compact. For z = (zi, .., zat) g let — Xj + iy^, where Xj denotes the real part and 
yj the imaginary part of Zj. By the definition of S we have yi = 2/10 "eo where yio = t/i -cq. 
Moreover, we get i < 77(2/1) = (yio)^ < M. Therefore the set {yi G R^+"; (zi, .., zjsi) G 
S] ^ {t- eo;t^ G [^,A/],t > 0} is compact. 

By Remark I4TT] we get that the sets {{r]{yi),f]{yj),yi • yj) G R''; (zi, .., z^) G S} are 
bounded for j ~ 2,..,N. Therefore we get the boundedness of {iTciyj + iyi) G C; 
(zi, .., zn) G S}. Thus the j/j, j = 2, ...N, with (zi, .., z^r) G S are lying in the sets 
Af(/,Bj)n{y G Mi+";r < 77(2/)}, where / := {t-eo;t^ G [i,A/],t > OjandSj are com- 
pact subsets of C, containing {nciyj + *2/i) S 'C; (zi, .., zm) G S*}. By Corollarv l4. 1 I these 
sets are compact, which implies that the set {(2/1, .., 2/Af) G M*-^^"-*^^; (zi, .., zjv) G 5} is 
compact. Hence using Lemma|43]it follows that {(a;i,..,a;Ar) G R(i+")''^; (zi, .., za?) G 
5} is bounded. Thus S is bounded and therefore compact. □ 



5 Saturatedness of the extended future tube 



We call A d X saturated with respect to a map p : X ^ Y if A\s the inverse image of a 
subset of Y. 

Let TTc : C(i+")^^ ^ C(i+"'^^//SOc(l, n) be the analytic Hilbert quotient, which 
is given by the algebra of SOc(l, ?^)-invariant polynomials functions on c(i+»i)x^ (gee 
section[Q and let Ur denote the set {z G T^; p{z) < r} for some r G R U {+cxd}, where 
p is the strictly plurisubharmonic exhaustion function, which we defined in section|4] 

Theorem 5.1. The set SOc(l, n)-Ur = SOc(l, f^) • {z G T^; p(z) < r} is saturated with 
respect to ttc- 

It is well known, that each fiber of ttc contains exactly one closed orbit of SOc(l, n) (see 
section 0. Moreover, every orbit contains a closed orbit in its closure. Therefore it is 
sufficient to prove 
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Proposition 5.1. If z G Ur and SOc(l, n) ■ u is the closed orbit in SOc(l, n) ■ z, then 
SOc{l,n)-uC\Ur ^ 0. 

The idea of proof is to construct a one-parameter group 7 of SOc(l, n), such that 7(t)z £ 
Ur for \t\ < 1 andlimt^o7(0^ ^ SOc(l,n) • u. 

In the following, let z — (zi, .., zn) € Ur and denote by L{z) = Czi + • • • + Czn the 
C-linear subspace of C^+" spanned by zi, ..,zn- The subspace of isotropic vectors in L{z) 
withrespectto the Lorentz product is denoted by L(z)'', i.e., i(z)'^ — {w € L{z);wv = 
for all V e L{z)}. Let L{z)'^ be its conjugate, i.e., L{z)'^ ^ {v;v e L{z)"}. 

Lemma 5.1. For all u; ^ 0, u; £ L{z)^ we have r]{lm{u;)) < 0. 

Proof. Let uj = uji + iu}2 with ux = Re(ti'),cj2 = Im(a;). Assume that 77(Im(a>)) = 
??(^2) > 0. Since G we have = ri{Lo) = ri{u!i) — ^(^2) + 2icji • a;2. 

If ri{oj2) > 0, i.e., llJ2 ^ C 01 uj2 ^ —C, then • = contradicts 'ri{u!i) — ri{uo2) > 0. 
Thus assume 77(^1) = 7y(ij-'2) = and uii • llJ2 ~ 0. Hence lui and aj2 are M-linearly 
dependent and therefore there is a A G C, cja G K^+" such that ui = Xuj^ and CJ3 • eo > 0. 
We have 77(0^3) = and, since uj^ G L(z)°,eo • t^^s > and zi G T, we also have 
= • Im(zi). This implies by the definition of C that uj^ ~ Q. □ 

Corollary 5.1. For lo G L{z)^ , uj ^ Q,we have uj • u) < 0. In particular, L{z)^ n = 
{0} and the complex Lorentz product is non-degenerate on L{z)'^ ® L{z)^. □ 

Corol lary 5.2. Let W := {L{z) © := {1; G Ci+"; w • m = 0/or a// m G L{z)^ © 

L(z)0}. r/ien 

L(z) =L(z)°e(L(z)nVK). 

□ 

Proof of ProDosition \5.1\ Let z G Ur- We use the notation of Corollarv l5.2l Define 

{tv for V G i(z)° 
forwGl(z)0. 
V for w G 

Every component Zj of 2 is of the form Zj ~ Uj + u)j where Uj G W and cjj G i(z)'^ 
are uniquely determined by Zj. Recall that W is the set {v G C^+"; v • u = {) for all 
u G i(z)° ® L(z)''}. Since limt^o7(0-2j = L{u)^ — {0} for u — (ui, ..,Ujv), 

u Ues in the unique closed orbit in SOc(l, n).z (see Lemma IzH . It remains to show that 
u G Ur. For every t G C we have 

i]{lm{uj + tw.j)) = 77(Im(wj)) + \t\^ ri{lTsi{uj j)) . 

Since ri{ln\{uj + ujj)) > and ri{lm{Ljj)) < 0, this implies rj{lm{uj + tujj)) G for 
all i G [0,1]. Moreover, ?7(Im(zj)) < ri(lm{uj)), for every j. Thus p{z) > p(u) and 
therefore u G Ur. □ 

Corollary 5.3. The extended future tube is saturated with respect to ttc- D 

Remark 5.1. The function / : M. ^ M, i r/(Im(u_,- + tujj)), is strictly concave ifujj ^ 0. 
The proof shows Uj + tuj G T for all i G M. 
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6 The Kahlerian reduction of the extended future tube 



If one is only interested in the statement of the future tube conjecture, one can simply apply 
the main result in LHe2J (Theorem 1 in §2). Our goal here is to show that much more is 
true. 



For z £ ([;;(i+n)xA^ jgj ^ — '^{^^ _|_ 2) be the real and y = ^{z — z) the imaginary part 
of z, i.e., z = (zi,..,ZAr) = (a;i, .., xjv) + .., yw) in the obvious sense. The strictly 
plurisubharmonic function p : M, p{z) = ^^^^^ + • • • + ^^^^^ defines for every 

£, G so(l, n) = 0(1, n) the function 



p,^{z) = dp{z){i^z) = p{expit^-z). 
at t=o 

Here of course 5o(l,n) — o(l,n) denotes the Lie algebra of OM(l,n). The real group 
SOR(l,n)° acts by conjugation on so(l,n) and therefore by duality on the dual vector 
space so(l, n)*. It is easy to check that the map £, ^ p^ depends linearly on Thus 

M:T^->so(1,?i)*, pizm-.^pd^), 

is a well defined S0r(1, n)°-equivariant map. In fact p is a moment map with respect to 
the Kahler form u = 2iddp. 

In order to emphasizes the general ideas, we set G S0r(1,7i)°, G"^ :— SOc{^,n), 
X :— and Z :— G'^ ■ X. The corresponding analytic Hilbert quotient, induced by 
TTc : C(i+")^^ ^ C(i+")^^//SOc(l,n) are denoted by nx : X ^ X//G, nz : Z ^ 
Z//G^. Note that, by what we proved, we have X//G = Z//G^. 

Proposition 6.1. 

i. For every q G ZjjG^ we have (7rc)^^((7) H /i^^(O) = G ■ Xi^ for some G /i^^(O) 
and G"" ■ Xo is a closed orbit in Z. 

a. The inclusion /i^^(O) X (Z Z induces a homeomorphism p^^{0)/G Z jjG^ . 

Proof. A simple calculation shows that the set of critical points of p\G'^ ■ x r\ X, i.e., 
/i~^(0) n G'^ ■ X, consists of a discrete set of G-orbits. Moreover, every critical point is a 
local minimum (see IIHe2l . Proof of Lemma 2 in § 2). 

On the other hand Remark lsTl of section|5]say s that if p \ G^ ■ xCiX has a local minimum in 
xq G ■ xCiX, then G"' • a;o — G"^ ■ x is necessarily closed in Z. Moreover, pjG"' ■xC\X 
is then an exhaustion and therefore p^^{{)) n {G^ ■ x^ n X) = G ■ xq (see IHe2l . Lemma 
2 in § 2). This proves the first part. 

The statement i. implies that l : p^^{0) '-^ X C Z induces a bijective continuous map 
T : p~^{0)/G ZjlG^ . Since the G-action on X is proper and /i~^(0) is closed, the 
action on p~^(fS) is proper In particular p^^(fS) /G is a Hausdorff topological space. 



Theorem 15 . 1 1 implies that T is a homeomorphism, since for every sequence qo in 

ZjjG^ we find a sequence {xa) such that x^ are contained in a compact subset of p^^(fS) 
and 7rc(xQ.) = g^. Thus every convergent subsequence of (xa) has a limit point in G • a;o 
where TTc (xo) = go- Q 

Proposition 6.2. The restriction /9|/i^^(0) : /i^^(O) — s- M induces a strictly plurisubhar- 
monic continuous exhaustion p : Z//G^ R. 



Proof The exhaustion property for p follows from Theorem 14. II The argument that p is 
strictly plurisubharmonic is the same as in [ HeHuLJ . □ 
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Theorem 6.1. The extended future tube Z is a domain of holomorphy. 

Proof. Proposition l6.2l implies that Z//G^ is a Stein space (see fN( Theorem II). Hence Z 
is a Stein space. □ 

In fact, much more has been proved here. We would like to comment on this. By definition, 
an analytic subset of a complex manifold is closed. For the following recall that orbit- 
connectedness is a condition on the G''-orbits. 

Proposition 6.3. Every analytic G-invariant subset A of X is orbit connected in Z and 
is an analytic subset of Z. In particular, ■ A is a Stein space. Moreover the 
restriction maps 

OiZf" ^ 0{G^ ■ Af" ^ 0{Af 

are surjective. 

Proof lib e G'^ ■ Ar\ X, then 6 = g • a for some 5 e G*- and a e A. Hence g e 
T,Qc{a) = {36 G"'; g ■ a £ X}. The identity principle for holomorphic functions shows 
that T,Gt:ia) ■ a e A. Thus b G A This shows G"^ ■ An X ^ A. But {g ■ X;g e G^} is 
an open covering of X such that G'^ ■ A Ci g ■ X = g ■ A. This shows that G^ • is an 
analytic subset of Z. In particular, it is a Stein space. The last statement follows from orbit 
connectedness (see |Hel |). □ 

Proposition 6.4. For every G-invariant analytic subset A, its saturation A — 7r^^(7rx(^)) 
is an analytic subset of X. Moreover, A//G is canonically isomorphic to A//G and tt^ : 
A A//G C X//G is the Hilbert quotient of A whose restriction to A gives the analytic 
Hilbert quotient of A 

Proof. We already know that A'^ = G*' • yl is an analytic subset of Z. Its saturation 
A'^ = ■k^^{ttz{A'^)) = tt'^^ {n z {A)) is an analytic subset of Z and it is easily checked that 
A = A'^ nX = 7r^^(7rx(^)) has the desired properties. □ 
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